The objective of the present work was to investigate theoretically the effect of single walled carbon nanotubes (SWCNTs) in the presence of water and seawater with variable stream condition due to solar radiation energy. The conclusion is drawn that the flow motion and the temperature field for SWCNTs in the presence of base fluid are significantly influenced by magnetic field, convective radiation and thermal stratification. Thermal boundary layer of SWCNTs-water is compared to that of Cu-water, absorbs the incident solar radiation and transits it to the working fluid by convection. Ó 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction
The thermal conductivity of heat transfer fluid plays an important role in the development of energy-efficient heat transfer equipment including electronics, HVAC&R, and transportation. Development of advanced heat transfer fluids is clearly essential to improve the effective heat transfer behavior of conventional heat transfer fluids. Nanomaterials have been extensively researched in recent years. Emerging nanotechnology shows promise in every aspect of engineering applications. Recently, there has been interest in using nanomaterials as additives to modify heat transfer fluids to improve their performance. The new class of heat transfer fluid is termed nanofluids which are formed by combining nanomaterials with heat transfer fluids. Dispersion or suspension of nanomaterials of high thermal conductivities into base fluids gives rise to higher thermal conductivity of the mixtures thereby increasing the heat transfer coefficient. Compared with millimeter-or micrometer-sized particle suspensions, nanofluids possess better long-term stability and rheological properties, and can have dramatically higher thermal conductivities.
Nanotubes are members of the fullerene structural family and it is adopted from their long, hollow structure with the walls designed by one-atom-thick sheets of carbon, called graphene. Carbon nanotubes are classified as single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). Individual nanotubes naturally align themselves into ''ropes" held together by van der Waals forces, more specifically, pi-stacking. Nanofluids have been designed for applications as advanced heat transfer fluids. A wide range of industrial processes associate with the transfer of heat energy and it has become a major assignment for industrial necessity. In this study, thermal conductivity enhancements of water in the presence of single-walled carbon nanotubes (SWCNTs) are presented. The thermal conductivities of nanofluids containing SWCNTs dispersed in the presence of base fluids are improved significantly compared to pure fluids. The SWCNTs dispersed in base fluid can form an extensive three-dimensional SWCNTs network that facilitates thermal transport. Developing issue in heat and mass transfer enhancement relies on the use of nanofluids [1, 2] . Nanofluids consist of nanometer-sized particles with high thermal conductivity dispersed in a common base fluid such as water or engine oil. Due to their high thermal conductivity compared to base fluids and their performance in energy devices, nanofluids are interesting candidates for heat transfer enhancement in many fields and applications [3] [4] [5] [6] [7] .
Several studies have been previously performed on the heat transfer enhancement of nanofluids flowing through a tube under laminar regime. It is well admitted that experimental convective heat transfer coefficients of nanofluids varied with increase of the flow velocity and volume fraction. These coefficients are far higher than the ones of base fluids under the same conditions, as reported in [8] for a wide variety of nanofluids containing Cu or Al 2 O 3 spherical nanoparticles. Similar results are also summarized in [9] considering other nanoparticle natures. The authors mentioned in particular that the measured Nusselt numbers of nanofluids are higher than the ones of base fluids, and increase with higher Reynolds numbers. However, few works reported the heat transfer coefficient measurement of nanofluids containing nanotubes and carbon nanotubes in particular, while they have a high thermal conductivity [10] [11] [12] . Hence, the potential of water based single walled carbon nanotubes (SWCNTs-water) nanofluids for heat transfer enhancement in coaxial tube exchanger due to solar radiation under laminar flow regime is here investigated numerically. These nanofluids appear to have a very high thermal conductivity and may be able to meet the rising demand as an efficient heat transfer agent.
Scientists and engineers have started showing interest in the study of heat transfer characteristics of these nanofluids. But a clear picture about the heat transfer through these nanofluids is yet to emerge. Saleem et al. [13] , Haq et al. [14] , Waqar et al. [15] , Khan et al. [16] and Haq et al. [17] reported the large convective heat transfer enhancement of aqueous CNT under laminar flow in comparison with water for both low Reynolds number and weight fraction in nanotubes. The enhancement in convective heat transfer appeared to be strongly dependant on nanoparticle concentration and aspect ratio, Reynolds number and axial position. Also, heat transfer coefficient increased with Reynolds number and the highest enhancement was observed at the entrance region of the tube. Solar energy is one of the best sources of renewable energy with minimal Nomenclature B 0 magnetic flux density, kg s À2 A À1 C T temperature ratio, K c p specific heat at constant pressure, J kg À1 K À1 g acceleration due to gravity, ms À2 k 1 rate of chemical reaction, mol m À1 s À1 k Ã mass absorption coefficient, m À1 K permeability of the porous medium, m 2 k f thermal conductivity of the base fluid, kg m s À3 -K À1 k s thermal conductivity of the nanoparticle, kg m s À3 K À1 k nf effective thermal conductivity of the nanofluid, kg m s À3 K À1 Pr
Prandtl number,
temperature of the fluid far away from the wall, K N thermal radiation parameter, Greek symbols a nf thermal diffusivity of the nanofluid, m 2 s À1 b f thermal expansion coefficients of the base fluid, K À1 q f density of the base fluid, kg m À3 q s density of the nanoparticle, kg m À3 q nf effective density of the nanofluid, kg m À3 ðq c p Þ nf heat capacitance of the nanofluid, J m À3 K À1 ðq bÞ nf volumetric coefficient of thermal expansion of nanofluid, K À1 r electric conductivity, X À1 m À1 r 1 Stefan-Boltzmann constant, kg s À3 K À4 l f dynamic viscosity of the base fluid, kg m À1 s À1 l nf effective dynamic viscosity of the nanofluid, kg m À1 s À1 m nf dynamic viscosity of the nanofluid, m 2 s À1 d time-dependent length scale, s d 1 heat source/sink parameter,
dimensionless stream function,h dimensionless stream function, -environmental impact (Sharma et al. [18] , Hunt [19] , Buongiorno and Hu [20] , Buongiorno [21] , Kuznetsov and Nield [22] , Nield and Kuznetsov [23] and Cheng-Minkowycz [24] ). The researches, led by Lalwani et al. [25] , Nield and Kuznetsov [26] , Kuznetsov and Nield [27] , Khan and Pop [28] , Makinde and Aziz [29] , Nadeem and Lee [30] and Khan et al. [31] found that their single-walled carbon nanotube (SWCNT) nanofluid exhibits an increase in conductivity of up to almost 15%; a value significantly higher than what has been achieved with nanoparticle-based nanofluids. SWCNT have unique electronic and mechanical properties which can be used in numerous applications, such as field-emission displays, nanocomposite materials, nanosensors, and logic elements. These materials are on the leading-edge of electronic fabrication, and are expected to play a major role in the next generation of heat transfer and miniaturized electronics.
The effect of magnetic field on convective flow along a porous wedge plate in thermally stratified nanofluids under the convective boundary condition has not been reported in the literature. Based on the above reasons, it could be stated that little published literature exists regarding SWCNTs in water and their applications as heat transfer fluid. Also, there is an inconsistency in the few reported studies on the convective heat behavior of CNT-nanofluids. Therefore, it was decided to study the convective heat transfer behavior of SWCNTs and copper nanoparticles in the presence of base fluid.
Mathematical analysis
Consider two-dimensional unsteady boundary layer flow of incompressible viscous nanofluids (water based copper nanoparticles and single walled carbon nanotubes) past a porous wedge sheet in the presence of solar energy radiation (see, Fig. 1 ). The temperature at the wedge surface takes the constant value T w , while the ambient value, attained as y tends to infinity, takes the constant value T 1 . It is considered that the influence of a constant magnetic field of strength B 0 which is applied normally to the sheet. It is further assumed that the induced magnetic field is negligible in comparison with the applied magnetic field (as the magnetic Reynolds number is small). The porous medium is assumed to be transparent and in thermal equilibrium with the fluid. The thermal dispersion effect is min-imal when the thermal diffusivity of the porous matrix is of the same order of magnitude as that of the working fluid. The nonreflecting absorbing ideally transparent wedge plate receives an incident radiation flux of intensity q 00 rad . This radiation flux penetrates the plate and is absorbed in an adjacent fluid of absorption coefficient. The fluid is a water based nanofluid containing single walled carbon nanotubes. As mentioned before, the working fluid is assumed to have heat absorption properties. For the present application, the porous medium absorbs the incident solar radiation and transits it to the working fluid by convection. The thermophysical properties of the nanofluids are given in Table 1 . Under the above assumptions, the boundary layer equations governing the flow and thermal field can be written in dimensional form as
The term Q 0 T 1 À T ð Þis assumed to be the amount of heat source/ sink per unit volume and Q 0 is a constant. q 00
; r 1 is the Stefan-Boltzmann constant and k Ã is the mean absorption coefficient. In above expressions, u and v are the velocity components along the x-axis and y-axis, respectively, T is the temperature of the base fluid, q nf is the density of nanofluid, l nf is the viscosity of nanofluid and a nf is the thermal diffusivity of nanofluid [34] defined as,
l f is the viscosity of base fluid, u is the nanoparticle fraction, ðq c p Þ nf is the effective heat capacity of a nanoparticles, k nf is the thermal conductivity of nanofluid, k f and k s are the thermal conductivities of the base fluid and nanoparticles respectively while q f and q s are the thermal conductivities of the base fluid and nanoparticles respectively. The corresponding boundary conditions are stated as
where c 1 and n 1 (power index) are constants and v 0 and T w are the suction ð> 0Þ or injection ð< 0Þ velocity and the fluid tem- perature at the plate. Under this consideration, the potential flow velocity of the wedge can be written as Uðx; tÞ ¼
whereas d is the time-dependent length scale which is taken to be d ¼ dðtÞ and b 1 is the Hartree pressure gradient parameter that corresponds to b 1 ¼ X p for a total angle X of the wedge, the temperature of the fluid is assumed to vary a powerlaw function, T is the local temperature of the nanofluid, g is the acceleration due to gravity and K is the permeability of the porous medium.
Following the lines of Kafoussias and Nanousis [32] , the changes of variables are
fðgÞ and
By introducing the stream function w, which defined as u ¼ @w @y and v ¼ À @w @x , then the system of Eqs. (2) and (3) become @ 2 w @t@y þ @w @y @ 2 w @x@y À @w @x
@T @t þ @w @y @T @x À @w @x @T @y
with the boundary conditions
The symmetry groups of Eqs. (7) and (8) are calculated using classical Lie group approach. The one-parameter infinitesimal Lie group of transformations leaving (7) and (8) invariant is defined as
From the algebraic technique, it is noticed that the form of infinitesimals is as
where gðxÞ is an arbitrary function.
Definitions of infinitesimal generators are
The partial differential equations governing the problem under consideration are transformed by a special form of Lie symmetry group transformations viz. one-parameter infinitesimal Lie group of transformation into a system of ordinary differential equations. For the present case, the generator X 1 with gðxÞ ¼ 0 is taken. The characteristic equations are
Solving the above equations, we get
With the help of these relations, (7) and (8) become
@h @n @f @g À n @f @n @h @g The boundary conditions take the following form:
where
ðq cpÞ f U is heat source/sink parameter, c ¼ Gr Re 2 is the buoyancy parameter or convection parameter,
U q nf is the magnetic parameter, and N ¼ 16r 1 T 3 w 3k f k Ã is the conductive radiation parameter. In the present study, it is assigned the value 0.1. It is worth mentioning that c > 0 aids the flow and c < 0 opposes the flow, while c ¼ 0, i.e., ðT w À T 1 Þ represents the case of forced convection flow. On the other hand, if c is of a significantly greater order of magnitude than one, then the buoyancy forces will be predominant. Hence, combined convective flow exists when c ¼ Oð1Þ.
S is the suction parameter if S > 0 and injection if S < 0 and n ¼ k x 1Àm 2 (Kafoussias and Nanousis [32] ) is the dimensionless distance along the wedge ðn > 0Þ. At the first level of truncation, the terms accompanied by n @ @n are small. This is particularly true when (n ( 1). Thus the terms with n @ @n on the righthand sides of Eqs. (15) and (16) are deleted to get the following system of equations:
Â ð1 À fÞ 2:5 c cos X 2 h À ðMð1 À fÞ 2:5 þ kÞ ðf 0 À 1Þ
The boundary conditions take the following form:
Further, we suppose that k t ¼ c x mÀ1 where c is a constant so that c ¼ d m m f @d @t and integrating, it is obtained that
ffiffiffiffiffiffi ffi m f t p which shows that the parameter d can be compared with the well established scaling parameter for the unsteady boundary layer problems [33] .
For practical purposes, the functions fðgÞ and hðgÞ allow us to determine the skin friction coefficient 
Numerical solution
Eqs. (18) and (19) subjected to the boundary condition (20) are converted into the following simultaneous system of first order differential equations as follows:
h 0 ðgÞ ¼ pðgÞ ð 26Þ
The initial conditions are
where a and b are priori unknowns to be determined as a part of the solution. By using DSolve subroutine in MAPLE we can get a solution for the system of Eqs. (23)- (27) with conditions (28) . This software uses a fourth-fifth order Runge-Kutta-Fehlberg method as default to solve the boundary value problems numerically using the Dsolve command. The values of a and b are determined upon solving the boundary conditions vð0Þ ¼ a, and pð0Þ ¼ b. Once a and b are determined, the system will be closed and can be solved numerically again by DSolve subroutine to get the final results. Consequently, only one integration path is enough to solve the problem instead of consuming the time with iteration techniques such as the shooting method. The numerical results are represented in the form of the dimensionless velocity and temperature in the presence of SWCNT -water and Cu-water.
Results and discussion
Eqs. (18) and (19) subjected to the boundary conditions (20) have been solved numerically for some values of the governing parameters Pr, f, m, k, c, n, n 1 , k t and N using computer software MAPLE. The case c ) 1:0 corresponds to pure free convection, c ¼ 1:0 corresponds to mixed convection and c ( 1:0 corresponds to pure forced convection. Throughout this calculation we have considered c ¼ 2:0 unless otherwise specified. In order to validate our method, we have compared the results of f 00 ð0Þ with those of Haq et al. [34] and found them in excellent agreement, Table 2 . Thus the present results are more accurate than their results.
It is also observed from Fig. 2 that the agreement with the theoretical solution of temperature profile for different values of nanoparticle volume fraction is correlated with Fig. 8(a) of Haq et al. [34] . Fig. 3 presents the characteristic temperature profiles for different values of the convective radiation parameter N in the presence of SWCNTs -water and Cu-water. According to Eqs. (2) and (3), the divergence of the radiative heat flux @q 00 rad @y increases as thermal conductivity of the fluid ðk f Þ increases which in turn increases the rate of radiative heat transferred to the nanofluid (Cu-water) and hence the fluid temperature increases significantly as compared to that of SWCNTswater. In view of this explanation, the effect of convective radiation becomes more significant as N ! 0ðN -0Þ and can be neglected when N ! 1. It is noticed that the temperature of Cu -water increases significantly with increase of the radiation parameter N because of high thermal conductivity q ¼ 8933 W=mK of the copper nanoparticles compared with SWCNTs q ¼ 2600 W=mK while the rate of heat transfer decreases with increase of thermal radiation (Table 3) which is a good agreement of heat transfer mechanism. Further, it is also observed that the temperature of Cu-water is accelerated significantly as compared to the SWCNTs-water, which means that the Cu-water plays an important role in the cooling and heating processes. 
Figure 2
Comparison of temperature profile for f with Fig. 8(a) of Haq et al. [34] . Fig. 4 presents the velocity and the temperature profiles for different values of magnetic parameter in the presence of water based SWCNTs and Cu nanoparticles. Due to the uniform thermal radiation, it is clearly shown that the abovementioned two cases, the velocity/temperature of water based SWCNTs and Cu-water decelerates/accelerates with increase of the strength of magnetic field, which implies that the applied magnetic field tends to heat the fluid and enhances the heat transfer from the wall. It is also observed that the momentum and the thermal boundary layer thickness for SWCNTs -water are significantly stronger than that of Cu-water because of the combined effects of electric and thermal conductivity of the SWCNTs-water Table 1 . It indicates that the fluid temperature distribution is raised by decreasing the density of the water based SWCNTs and confirms the fact that the application of a magnetic field to an electrically conducting fluid produces a dragline force which causes acceleration in the nanofluid temperature. It is noticed from Table 4 that the rate of heat transfer increases with increase of magnetic strength, whereas the strength of rate of heat transfer for Cu-water is more significant compared to that of SWCNTs-water. These results clearly demonstrate that the combined effect of thermal radiation with magnetic field can be used as a means of controlling the flow and heat transfer characteristics because of the thermal conductivity of the water based SWCNTs.
Effects of heat source on velocity and the temperature distribution in the presence of water based SWCNTs and Cuwater are shown in Fig. 5 . The term Q 0 ðT 1 À TÞ is assumed to be the amount of heat generated (Q 0 > 0)/absorbed (Q 0 < 0) per unit volume. The presence of heat source in the boundary layer generates energy which causes the rate of heat transfer of the both nanofluids (water based SWCNTs and copper) to increase (Table 5 ), whereas the temperature of the nanofluids decreases ( Fig. 5 ) with increase of heat source parameter, d 1 > 0. It is interesting to note that the thermal boundary layer thickness of the SWCNTs-water is higher than that of Cu-water because of high thermal conductivity of the SWCNTs, k ¼ 6600 W=m. This decrease in temperature produces decrease in the flow field due to the buoyancy effect for SWCNTs-water and Cu-water. On the other hand, the presence of heat sink in the boundary layer absorbs energy which causes the rate of heat transfer of the nanofluids to opposite reaction. All these physical behaviors are the combined effects of thermal conductivity and diffusivity of the SWCNTs -water and Cu-water.
It is obtained that the rate of the nanofluids heat transfer decreases (Table 6) , while velocity/temperature of SWCNTswater and Cu-water increases/decreases with increase of nanoparticle volume fraction and tends asymptotically to zero as the distance increases from the boundary, Fig. 6 . The sensi- tivity of thermal boundary layer thickness with f is related to the increased thermal conductivity of the water based SWCNTs and Cu-water. It is also observed that the thermal boundary thickness of SWCNTs -water is higher than that of Cu-water because the high thermal conductivity of SWCNTswater causes a drop in the temperature gradients and accordingly increases the thermal boundary thickness as demonstrated in Fig. 6 . It is concluded that the size and shape of the SWCNTs in the presence of water play a dominant role on heat transfer mechanism. The effects of nanoparticles in the based fluid (water) with M ¼ 1:0 and M ¼ 2 on the dimensionless velocity and temperature profiles have been displayed in Fig. 7 . It is observed that the velocity and the temperature of the nanofluids firstly decrease and then increase ( Fig. 7) , whereas the rate of heat transfer firstly increases and then decreases (Table 7) with the increase of nanofluids in the following said sequences of water based Cu, Al 2 O 3 and SWCNTs. It is observed that the thermal boundary layer thickness of SWCNTs -water for M ¼ 1:0 is stronger than that of M ¼ 2:0 and also the variation of the thermal diffusivity and conductivity of the SWCNTs-water within the boundary layer plays a dominant role compared to that of all the other nanofluids. It is noticed from Table 7 that the rate of heat transfer of SWCNTs is lower than that of all the other nanofluids because of thermal expansion and conductivity of the SWCNTs. The reason for this behavior is that the inertia of the porous medium and thermal conductivity of the nanofluid, SWCNTs -water provides an additional resistance to the nanofluid flow mechanism. Fig. 8 presents the velocity and temperature profiles for different values of the thermal radiation parameter N in the presence of SWCNTs -seawater and SWCNTs-water. In the presence of uniform magnetic field, the comparison results between the thermal boundary layer thickness for SWCNTsseawater and SWCNTs-water indicate that the SWCNTswater is stronger than those of SWCNTs-seawater because of the combined effects of thermal conductivity and specific heat of water, Table 1 . It is noticed that the velocity and temperature of the nanofluids (water and sea water based SWCNTs) increase, whereas the rate of heat transfer decreases with increase of thermal radiation. It is predicted that the rate of heat transfer of SWCNTs -seawater is stronger compared to that of SWCNTs-water significantly with increase of the radiation parameter N because of high density of sea water, Table 8 . All the physical behaviors are the combined effects of thermal and electric conductivity of SWCNTs-seawater in the presence of magnetic field. 
Conclusions
Influence of the thermal radiation on MHD unsteady Hiemenz flow and heat transfer of incompressible (SWCNTs-water and Cu-water) nanofluid along a porous wedge sheet with variable stream conditions has been analyzed. It is worthwhile to provide the comparison among the base fluids in the presence of copper nanoparticles and single wall carbon nanotubes (SWCNT) for absolute skin friction and the rate of heat transfer. Moreover, the effects for various values of existing parameters are discussed for velocity and temperature. The main results of present analysis are listed below:
The comparison results between SWCNTs-water and SWCNTs-seawater shows that the SWCNTs-seawater has the better performance to enhance convective heat transfer rate with increase of thermal radiation, whereas the thermal boundary layer thickness for SWCNTs-water is stronger than that of SWCNTs-seawater because of the thermal conductivity of water compared to that of seawater. The size and shape of the single walled carbon nanotubes play a dominant role on the temperature distribution. Physically, it is interesting to note that the momentum and thermal boundary layer thickness of the water based ζ = 0.05,0.1, 0.2 ζ = 0.05,0.1, 0.2 Figure 6 Nanoparticle volume fraction on velocity and temperature profiles.
Cu, Al2O3, SWCNTs
Cu, Al2O3, SWCNTs Figure 7 Different nanoparticles -water effects on velocity and temperature profiles. SWCNTs are significantly stronger compared to those of the Cu-water with increase of nanoparticle volume fraction because the water based SWCNTs have high thermal conductivity.
In the presence of uniform thermal radiation, the momentum and the thermal boundary layer thickness of SWCNTs-water are stronger than those of Cu-water with increase of magnetic field. It is clearly demonstrated that the combined effect of thermal radiation with magnetic field can be used as a means of controlling the flow and heat transfer characteristics because of the dynamic viscosity of the water based SWCNTs. The temperature of Cu-water increases significantly compared to that of SWCNTs-water with increase of the thermal radiation parameter. Thermal transport is significantly affected due to the thermal radiation of the nanofluids and it is more significant with different values of the parameters related to the SWCNTs-water as well as the Cu-water due to the thermal radiation energy. Increase of heat source in the boundary layer generates energy which causes the rate of heat transfer of the nanofluids (water based SWCNTs and copper) to increase whereas the rate of heat transfer of Cu-water is stronger than SWCNTs-water because of the density of copper nanoparticles compared to SWCNTs.
The velocity and the temperature of the nanofluids firstly decrease and then increase whereas the rate of heat transfer firstly increases and then decreases with the increase of nanofluids in the following said sequences of water based Cu, Al 2 O 3 and SWCNTs, which is a good agreement of heat transfer mechanism. In the presence of high strength of magnetic field, the temperature distribution of the SWCNTs-water within the boundary layer plays a dominant role compared to that of all the other nanofluids.
Seawater based single walled carbon nanotubes (SWCNTswater) have attracted much attention because of their remarkable properties. Indeed, it was proved that the seawater based single walled carbon nanotubes have a high thermal and electrical conductivity properties. Among the usual nanoparticles, SWCNTS have attracted special interest due to unique thermal properties and structure. Therefore, CNTs can be a good option to disperse in the common working fluids to enhance the heat transfer and also the water based single walled carbon nanotubes are very prevalent in today's world of medical research.
Figure 8
Thermal radiation effects on velocity and temperature profiles in the presence of SWCNTs-water and SWCNTs-seawater. 
